We give a survey of the known results concerning the sets c 0 (Λ), c(Λ) and c ∞ (Λ) including their basic topological properties, their first and second dual spaces, and the characterizations of matrix transformations from them into the spaces ℓ ∞ , c and c 0 . Furthermore, we establish some new results such as the representations of the general bounded linear operators from c(Λ) into the spaces ℓ ∞ , c and c 0 , and estimates for their Hausdorff measures of noncompactness. Finally, we apply our results to characterize some classes of compact operators on c 0 (Λ), c(Λ) and c ∞ (Λ). We also generalize a classical result by Cohen and Dunford which states that a regular matrix operator cannot be compact.
Introduction, notations and known results
The set c(Λ) of Λ-strongly convergent sequences was first introduced and studied by Móricz [19] ; this set generalizes the concept of strong convergence of Hyslop [10] , and Kuttner and Thorpe [15] . We also consider the sets c 0 (Λ) and c ∞ (Λ) of sequences that are Λ-strongly convergent to 0 and Λ-strongly bounded.
First, we give a survey of known results in Sections 2-4. They include the most important topological properties of the spaces c 0 (Λ), c(Λ) and c ∞ (Λ) ( [16] ), their first and second dual spaces ( [17] ), and the complete list of characterizations of the classes of matrix transformations from them into the spaces ℓ ∞ , c and c 0 of bounded, convergent and null sequences ( [3] ).
In Section 5, we start with a short introduction to measures of noncompactness, in particular, the Hausdorff measure of noncompactness of bounded sets in metric spaces and of operators between normed spaces, and list their most important properties.
After this we establish several new results. We extend our studies from the normally considered matrix transformations to general bounded linear operators on c(Λ). First, we establish the representations of the general bounded linear operators from c(Λ) into ℓ ∞ , c and c 0 , and prove some estimates for their Hausdorff measures of noncompactness. Then we use our results to characterize the classes of compact operators from c 0 (Λ) and c(Λ) into c 0 and c. As an application, we also obtain the characterizations of compact matrix operators between those spaces. Finally, we show that the matrix operator of a Λ-strongly regular matrix cannot be compact. This generalizes a classical result of Cohen and Dunford [5] which states that a regular matrix operator cannot be compact.
This paper is intended to serve as both a survey and research paper.
The basic notations
Here we list the basic notations and concepts that are used throughout the paper; this is done for the convenience of readers who may not be too familiar with the topics of this paper. We also refer to [18, 20] A sequence (b n )
∞ n=1
in a linear metric space X is a Schauder basis if, for every x ∈ X, there exists a unique sequence (λ n ) ∞ n=1 of scalars such that x = ∑ ∞ n=1 λ n b n . Let X be a normed space. We write S = S X = {x ∈ X : ∥x∥ = 1}, B = B X = {x ∈ X : ∥x∥ < 1} and B = B X = {x ∈ X : ∥x∥ ≤ 1} for the unit sphere and the open and closed unit balls in X. If X and Y are normed spaces then we write B(X, Y) for the set of all bounded linear operators L : X → Y which is a Banach space with the operator norm ∥L∥ = sup{∥L(x)∥ : x ∈ S X } whenever Y is a Banach space. In particular, if Y = | C then X * denotes the space of all continuous linear functionals on X with the norm ∥ f ∥ = sup{| f (x)| : x ∈ S}; we will refer to X * as the continuous dual of X, for short. As usual, let ω denote the set of all complex sequences
which is a complete linear metric space with the algebraic operations defined termwise, and its natural metric d given by
It is known that convergence in (ω, d) and coordinatewise convergence are equivalent, that is,
Let e and e (n) for n = 1, 2, . . . denote the sequences with e k = 1 (k = 1, 2, . . . ), and e (n) n = 1 and e
x k e (k) be its n-section. We write ℓ ∞ , c, c 0 and ϕ for the sets of all bounded, convergent, null and finite sequences; also ℓ 1 , cs and bs denote the sets of all absolutely convergent, convergent and bounded series.
A subspace X of ω is said to be an FK space if it is a Fréchet space, that is, a complete locally convex linear metric space, with continuous coordinates P n : X → | C (n = 1, 2, . . . ) where P n (x) = x n for all x ∈ X; an FK space whose metric is given by a norm is said to be a BK space.
be an infinite matrix of complex numbers, A n = (a nk ) ∞ k=1 denote the sequence in the n th row of A, X and Y be subsets of ω, and x ∈ ω. Then we write A n x = ∑ ∞ k=1 a nk x k for the n th A transform of x, Ax = (A n x)
for the A transform of x (provided all the series converge), X A = {x ∈ ω : Ax ∈ X} for the matrix domain of A in X, and (X, Y) for the class of all infinite matrices that map X into Y, that is, A ∈ (X, Y) if and only if X ⊂ Y A .
Some basic results
Here we list some basic results which are needed in this paper. It is known that ω is an FK space with its natural metric d, ℓ ∞ , c and c 0 are BK spaces with their natural norm ∥x∥ ∞ = sup k |x k |, c 0 is a closed subspace of c, c is a closed subspace of ℓ ∞ ; ℓ 1 is a BK space with its natural norm ∥x∥ 1 = ∑ ∞ k=1 |x k |, cs and bs are BK spaces with their natural norm ∥x∥ bs = sup n | ∑ n k=1 x k |, and cs is a closed subspace of bs; furthermore, ω, c 0 , ℓ 1 and cs have AK, every sequence 
The spaces of Λ-strongly convergent and bounded sequences
The spaces c 0 (Λ), c(Λ) and c ∞ (Λ) were defined and studied for exponentially bounded sequences Λ in [16, 17] .
A nondecreasing sequence Λ = (λ n )
of positive reals is said to be exponentially bounded [16] if there exists an integer m ≥ 2 such that for each ν ∈ IN 0 there is at least one λ n in the interval [m ν , m ν+1 ). The following result is a useful characterization of exponentially bounded sequences. 
If Λ is an exponentially bounded sequence, then we can always determine a subsequence (λ n(ν) )
which satisfies the condition in (I); such a subsequence will be referred to as an associated subsequence. Throughout, let µ be a nondecreasing sequence of real numbers tending to infinity, Λ be an exponentially bounded sequence and (λ n(ν) )
be an associated subsequence; we always write
is a strictly increasing sequence of nonnegative integers then ∑ ν and max ν denote the sum and maximum over all k with n(ν) ≤ k ≤ n(ν + 1) − 1. Let ∆ be the matrix with the rows ∆ n = e (n) − e (n−1) . If x, y ∈ ω then we write
. Now we define the sets Lemma 2] ; ξ will always denote the Λ-strong limit of a sequence x ∈ c(Λ).
Our spaces have the following fundamental topological properties similar to those of c 0 , c and ℓ ∞ .
Theorem 2.2. ([16, Theorem 2])
be an exponentially bounded sequence and 
(c) Each of the spaces c 0 (Λ), c(Λ) and c ∞ (Λ) is a BK space, c 0 (Λ) is a closed subspace of c(Λ), c(Λ) is a closed subspace of c ∞ (Λ), c 0 (Λ) has AK, and every sequence x
Throughout the paper, we will always assume that the spaces c 0 (Λ), c(Λ) and c ∞ (Λ) have the block norm, unless explicitly stated otherwise.
itself as an associated subsequence, λ n /λ n+1 = 1/2 (n = 0, 1, · · · ) and we obtain, for instance,
as an associated subsequence , λ 2 ν /λ 2 ν+1 = 2 −α for ν = 0, 1, · · · and we obtain, for instance, [10, 15] .
as an associated subsequence.
The dual spaces
Here we give the dual spaces of the sets c 0 (Λ), c(Λ) and c ∞ (Λ). We need the following notations. Let X and Y be subsets of ω and z ∈ ω. Then we write z
: f ∈ X * } is called the functional or f -dual of X. If X is a normed sequence space and a ∈ ω then we write ∥a∥ = ∥a∥ * X = sup{ | ∑ ∞ k=1 a k x k | : x ∈ S X } provided the last term exists and is finite which is the case whenever X ⊃ ϕ is a BK space and a ∈ X β ([20, Theorem 7.2.9]).
The following result gives the first and second α-duals of the sets c 0 (Λ), c(Λ) and c ∞ (Λ).
We put
Finally, we give the first and second β-, γ-and f -duals of the sets c 0 (Λ), c(Λ), c ∞ (Λ), and the continuous duals of c 0 (Λ) and c(Λ).
Theorem 3.2. ([17, Theorem 2]) (a) We have X
furthermore, we have
* is norm isomorphic to c ∞ (Λ).
Matrix transformations
Here , A n ∈ C(Λ) for all n, 
Compact operators
Here we characterize some classes of compact operators on the spaces c 0 (Λ), c(Λ) and c ∞ (Λ). This is most effectively achieved by applying the Hausdorff measure of noncompactness. The results concerning general bounded linear operators and their compactness are new.
Compact operators and measures of noncompactness
We recall a few necessary notions and results, and refer the reader to [1, 4, 18] for further studies. If X and Y are infinite-dimensional complex Banach spaces, then a linear operator L : X → Y is said to be compact if the domain of L is all of X and, for every bounded sequence (x n ) in X, the sequence (L(x n )) has a convergent subsequence. We write C(X, Y) for the class of all compact operators from X into Y. We recall that a set in a topological space is said to be precompact or relatively compact if its closure is compact.
The first measure of noncompactness, the function α, was defined and studied by Kuratowski [14] in 1930. In 1955, Darbo [6] was the first who continued to use the function α. He proved that if T is a continuous self-mapping of a nonempty, bounded, closed and convex subset C of a Banach space X such that there exists a constant K ∈ (0, 1) such that α(T(Q)) ≤ Kα(Q) for all subsets Q of C, then T has at least one fixed point in the set C. Darbo's fixed point theorem is a very important generalization of Schauder's fixed point theorem, and includes the existence part of Banach's fixed point theorem.
Other measures of noncompactness were introduced and studied by Gohberg, Goldenštein and Markus in 1957 [9] , the ball or Hausdorff measure of noncompactness, and by Istrǎţesku in 1972 [11, 12] . Now we recall the definition of a measure of noncompactness on bounded sets in a complete metric space.
Definition 5.1. Let (X, d) be a complete metric space and M X be the class of all bounded subsets of X. A map ϕ : M X → [0, ∞) is called a measure of noncompactness on X if it satisfies the following properties for all
It is easy to see that any measure of noncompactness satisfies the following properties for all Q,
if Q is a finite set then ϕ(Q) = 0 (non-singularity). (vii) If (Q n ) is a decreasing sequence of nonempty, closed and bounded subsets of X, and lim n→∞ ϕ(Q n ) = 0 then ∩ n Q n is nonempty and compact (generalized Cantor intersection property). We also need the definition of a measure of noncompactness of operators between Banach spaces. 
If an operator L is (ϕ 1 , ϕ 2 )-bounded, then the number ∥L∥ (ϕ 1 ,ϕ 2 ) = inf
is called the (ϕ 1 , ϕ 2 )-measure of noncompactness of L. In particular, if ϕ 1 = ϕ 2 = ϕ, then we write ∥L∥ ϕ instead of ∥L∥ (ϕ,ϕ) .
We recall the definitions of the Hausdorff measure of noncompactness of bounded sets in a metric space, and of linear operators between normed spaces. We write B(x, r) = {y ∈ X : d(y, x) < r} for the open ball of radius r > 0 and centre in x in a metric space (X, d). 
(b) Let X and Y be Banach spaces, χ 1 and χ 2 be Hausdorff measures of noncompactness on X and Y, and L : X → Y be an operator. We write ∥L∥ (χ 1 ,χ 2 ) for the (χ 1 , χ 2 )-measure of noncompactness of L. In particular, if χ 1 = χ 2 = χ, then we write ∥L∥ χ instead of ∥L∥ (χ,χ) .
It is easy to see that χ is a measure of noncompactness, that is, regular, invariant under closure, and semi-additive. Consequently, χ also satisfies conditions (iv)-(vii) ([18, Lemma 2.11]). Also if X is a Banach space then we have for all Q, Q 1 , Q 2 ∈ M X [18, Theorem 2.12] ({b 1 , b 2 , ·, b n }) of b 1 , b 2 , · · · , b n , R n = I − P n , where I is the identity on X, and Q ∈ M X . Then we have, writing µ n (Q) = sup x∈Q ∥R n (x)∥ for n = 1, 2, . . . ,
We obtain an explicit formula for the Hausdorff measure of noncompactness of bounded subsets of special BK spaces, and of c. We say that a norm ∥ · ∥ on a sequence space X is monotonous, if x, x ′ ∈ X with |x k | ≤ |x ′ k | for all k implies ∥x∥ ≤ ∥x ′ ∥, and call such a space X monotonous.
Theorem 5.5. ([8, Lemma 3.4]) (a)
Let X be a monotonous BK space with AK and P n : X → X be the projectors onto span({e (1) , e (2) , . . . , e (n) }) for n ∈ IN. Then we have
(b) Let P n : c → c be the projectors onto the linear span of {e, e (1) , · · · , e (n) }. Then the limit in (5) exists for all Q ∈ M c , and
Next we state some important properties of ∥ · ∥ χ .
Theorem 5.6. ([18, Theorem 2.25, Corollary 2.26]) Let X and Y be Banach spaces and L ∈ B(X, Y). (a) Then
, and
Now we give an estimate for ∥L∥ χ . If X is a BK space with AK and L ∈ B(X, Y), let A ∈ (X, Y) denote the matrix with Ax = L(x) for all x ∈ X (Theorem 1.1 (b)).
Theorem 5.7. Let X be a BK space with AK. (a) Let L ∈ B(X, c) andÃ be the matrix with the rowsÃ n
Then we have
(b) If L ∈ B(X, c 0 ), then we have 
Now we establish the representations of the general operators L ∈ B(c(Λ), Y) when Y = ℓ ∞ , c, c 0 , estimates for their norms, and a formula for the limit of (L(x)) n (n → ∞) for x ∈ c(Λ) when L ∈ B(c(Λ), c) . These results are new. 
such that (10) 
(e) Let L ∈ B(c(Λ), c), x ∈ c(Λ) and ξ be the Λ-strong limit of the sequence x. Then we have
We write L n = P n • L for n = 1, 2, . . . , where P n is the n th coordinate. Since c(Λ) is a BK space, we have L n ∈ (c(Λ)) * for each n, and it follows from (2) that
This yields (10) 
∈ c for each k, that is, the limits α k in (8) 
). This yields the second inequality in (12) . Also L ∈ B(c(Λ), c) implies |L n (x)| ≤ ∥L(x)∥ ∞ ≤ ∥L∥ for all n ∈ IN and all x ∈ S c(Λ) , and since L n ∈ (c(Λ))
* for all n, we have ∥L n ∥ ≤ ∥L∥ for all n, and so, by the first inequality in (3), (|b n | + ∥A n ∥ C(Λ) ) ≤ ∥L∥ for all n, which yields the first inequality in (12) .
(e) Let L ∈ B(c(Λ), c). Then it follows from Part (b) that A ∈ (c 0 (Λ), c) and so the limits α k in (8) exist for all k, and (α k )
∈ cs, and so we have βξ
for all x (0) ∈ c 0 (Λ). Now let x ∈ c(Λ). Then we have x (0) = x − ξ · e ∈ c 0 (Λ), and
Now we give an estimate for ∥L∥ χ when L ∈ B(c(Λ), c). We use the notations of Theorem 5.9. 
is the matrix with the rowsÃ n = A n − (α k )
Proof. Let L ∈ B(c(Λ), c). Then, by Theorem 5.9 (b), L can be represented by (10) where the sequence b ∈ ℓ ∞ and the matrix A ∈ (c 0 (Λ), c) are given by (15) , and the limits β in (11) and α k (k = 1, 2, . . . ) in (8) exist; we also saw in the proof of Theorem 5.9 (e) that (α k )
∈ c has a unique representation y = η · e + ∑ ∞ n=1 (y n − η)e (n) with η = lim n→∞ y n , we obtain R m (y) = ∑ ∞ n=m+1 (y n − η)e (n) for m = 1, 2, . . . , and so ∥R m (y)∥ ∞ = sup n≥m+1 |y n − η|. Writing y = L(x), we obtain from (10) and (13)
and so by (12) 
Finally, since lim m→∞ ∥R m ∥ = 2 by (6), the inequalities in (16) now follow from (4) in Theorem 5.4, and from Theorems 5.5 (b) and 5.6 (a).
We obtain the following corollaries from Theorem 5.10.
Corollary 5.11. Let A ∈ (c(Λ), c). Then we have
) ,
Proof. This is an immediate consequence of Theorem 5.10 with b n = 0 for n = 1, 2, . . . and the fact that for
for all n by Theorem 3.2 (b), so we get K(s, t) = 1 and equality in (17) .
Proof. This is an immediate consequence of Proof. This is an immediate consequence of Corollary 5.11 with α k = 0 for all k and α = 0 and of the fact that lim m→∞ ∥R m ∥ = 1.
We also obtain from Theorem 5.7 an estimate for ∥L∥ χ when L ∈ B(c 0 (Λ), c), and an identity when L ∈ B(c 0 (Λ), c 0 ). ) .
Proof. Corollary 5.14 is an immediate consequence of Theorem 5.7 and the fact that (c 0 (Λ)) * is norm isomorphic to C(Λ) by Theorem 3.2 (b). Now we apply our results on the Hausdorff measure of noncompactness of operators and (7) We close with an application to Λ-strong regularity. We call an operator L ∈ B(c(Λ), c) Λ-strongly regular, if lim n→∞ (L(x)) n = ξ for all x ∈ c(Λ), where ξ is the Λ-strong limit of x. A matrix A ∈ (c(Λ), c) is said to be Λ-strongly regular, if the operator L A is Λ-strongly regular.
We apply our results to the characterization of compact Λ-strongly regular operators. It turns out that a Λ-strongly regular matrix cannot be compact; this is analogous to the classical result by Cohen and Dunford [5] which states that a regular matrix cannot be compact.
Remark 5.19.
If A is a Λ-strongly regular matrix then L A cannot be compact, since we have with b n = 0 for all n ∈ IN 0 and 1 + ∥A n ∥ C(Λ) ≥ 1 0 for all n, and so (18) in Corollary 5.18 cannot hold.
